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Abstract 

For a smooth and projective variety over a number field with torsion 
free geometric Picard group and finite transcendental Brauer group we 
show that only the archimedean places, the primes of bad reduction 
and the primes dividing the order of the transcendental Brauer group 
can turn up in the description of the Brauer-Manin set. 
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Introduction 

We assume that the reader is familiar with the basic theory of the Brauer 
group [7] and of the Brauer-Manin obstruction, see [2j §3.1] or [151 §5-2]. 

Let us briefly recall some notation. To any scheme A one associates its 
(Grothendieck) Brauer group Br (A) = H? t (A, G m ). Let k be a field, k be 
an algebraic closure of k, F — Gal(k/k). If A is a variety over k we write 
X = X x k k. Recall the standard notation 

Br (A) = Im[Br(A;)^Br(A)], Br^A) = Ker [Br ( A) ->-Br ( A ) ] . 

The group Br^A) is called the algebraic Brauer group of A, and the quotient 
Br(A)/Br!(A) is sometimes called the transcendental Brauer group of A, a 
terminology we adopt in this note. 

Let A; be a number field, let k v be the completion of k at a place v, and let 
A k be the ring of adeles of k, i.e. the restricted product of k v for all places v 
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of k, taken with respect to the rings of integers O v C k v . Let O be the ring 
of integers of k. Given a finite set S of places of k, we let Os be the subring 
of k consisting of the elements that are integral at the primes not in S. 

Given a variety X over k, the set X(Afc) Br C X(A^) is the set of adeles 
of X which are orthogonal to the Brauer group of X with respect to the 
Brauer-Manin pairing. 

Our aim is to explore what can be proved in the direction of the following 
question. 

Question 1. Let A; be a number field and let S be a finite set of places 
containing the archimedean places. Let X be a smooth projective (9,s-scheme 
with geometrically integral fibres. Let Xj k be its generic fibre. Assume that 
Pic(X) is a finitely generated torsion-free abelian group. Does there exist an 
open and closed set Z C YLves^-i^) sucn 

x(4) Br = zx[[x(y ? 

The assumption on the Picard group is equivalent to the conjunction 
of two geometric hypotheses: the coherent cohomology group H^X, Ox) is 
zero, and the geometric Neron-Severi group NS(X) is torsion-free. 

Peter Swinnerton-Dyer asked us this question in connection with his re- 
cent work [18]. Theorem 13.11 below gives an affirmative answer under the 
additional hypothesis that the transcendental Brauer group of X (as defined 
above) is finite, and S contains all the primes dividing its order. A crite- 
rion that uses only a geometric hypothesis on X is given in Corollary 13.21 
For example, the answer is positive whenever A is a surface of geometric 
genus 0. In Corollary 13. 3[ using the results of [8], we give a positive answer 
to Question 1 for arbitrary smooth diagonal quartic surfaces over Q, a case 
which is not covered by Corollary 13.21 For general varieties, Proposition 14.11 
relates the finiteness property of the transcendental Brauer group to the Tate 
conjecture for divisors. 

1 Preliminaries 

Given an abelian group A, a positive integer n and a prime number £, we 
denote by A[n] C A the group of elements annihilated by n, and by A{£} C A 
the group of elements annihilated by some power of I. 



2 



The following lemma is well known. 

Lemma 1.1 Let X be a smooth, projective and geometrically integral variety 
over a number field k such that Pic(X) is a finitely generated torsion-free 
abelian group, and Br(X)/Bri(X) is finite. ThenX(A k ) Br is open and closed 
in X(A k ). 

Proof From the spectral sequence 

E pq = E p (k, B%(X, G m )) B p + q (X, G m ) 

we see that the quotient Br^X) /Br (X) is a subgroup of H 1 (/c, Pic(X)), and 
this last group is finite since Pic(X) is finitely generated and torsion-free. 
Hence Br(X) /Br (X) is finite. The sum of local invariants of a given element 
of Br(X) is a continuous function on X(A^) with finitely many values, and 
this function is identically zero if the element is in Bro(X). The lemma 
follows. □ 

By the main result of (H] the conditions of this lemma are satisfied for 
K3 surfaces. See SectionHJfor a discussion of the finiteness of Br(X) /Bri(X). 

Let us write X v = X x k k v and, for v ^ S, X v — X Xo s O v . 

Lemma 1.2 We keep the assumptions of Lemma If for every v ^ S 
the image of Br(X)— >Br(X v ) is contained in the subgroup generated by the 
images ofBr(k v ) and Br(X v ), then the answer to Question 1 is positive. 

Proof We may assume X(A fc ) Br ^ 0. Fix M = {M v } G X(A fc ) Br . From the 
inclusion 

Br(» Br(k v ) 

all v 

provided by class field theory, and the fact that X(A k ) is non-empty we 
conclude that the natural map Br(k) — > Br(X) is injective, so that Br(k) = 
Br (X). Moreover, the exact sequence of abelian groups 

O^Br(A;)^Br(X)-^Br(X) /Br(A;)->0 

has a splitting defined by M. Indeed, the injective map Br(/c)— >By(X) has a 
retraction r sending A G Br(X) to the unique element r(A) G Br(/c) whose 
image in Br(k v ) is A(M V ) for every v. Let us denote by B the kernel of 
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r : Br(X)-»Br(A;). An element A G Br(X) lies in B if and only if A(M V ) = 
for all v. Then Br(X) = Br(k) © 5, and 5 projects isomorphically onto 
Br(X)/Br(ife). 

To complete the proof it is enough to show that for any v ^ S, any A £ B 
and any N G X{k v ) we have A(N) = G Br(fc„). By assumption the image 
of A in By(X v ) can be written as a sum + A 2 where A\ G Br(X v ) and 
A 2 G Br(fc„). Since X v is proper over Spec(C?„) we have X(fe„) = X v (O v ), 
hence Ai(iV) G Br(£> u ) = for any N G X(k v ). We have A(M„) = because 
A G B. It follows that the 'constant' algebra A 2 has value at M v , hence 
A 2 = 0. We have proved that A(N) = G Br(k v ), and the lemma follows. □ 

The following well known lemma is due to Grothendieck, it is given here 
for the ease of reference. 

Lemma 1.3 Let X be a smooth, projective and geometrically integral variety 
over a field of characteristic 0. Assume that H 1 (X, Ox) = B 2 (X, Ox) = 
and that the Neron-Severi group NS(X) is torsion-free. 

(i) Then the groups Bt(X) and Bt(X) /Bt (X) are finite. 

(ii) We have Br(X) = if and only if H| t (X, Z^(l)) tor s — for every 
prime i. In this case Br 1 (A A ) = Br(X). 

(hi) 7/dimX = 2, then Br(T) = and Br^X) = Br(X). 

Proof By III. 8] we have a short exact sequence 

— ► (Q/Z)^ — ► Br(X) — ► H| t (X, Z,(l)) tors — ► 0, (1) 

i 

where b 2 is the second Betti number of X, and p = rkNS(X). Since the 
ground field k has characteristic zero, for almost all I the group H| t (X, Z^(l)) 
is torsion-free: this is a consequence of the comparison theorem between 
etale cohomology and Betti cohomology, see [121 Thm. III. 3. 12]. Thus 
the direct sum is finite. By Hodge theory the condition B\ 2 (X, Ox) = 
implies p = b 2 . This shows that Br(X) is finite. As recalled above, the 
quotient Bri(X) /Br (X) is a subgroup of H 1 (K, Pic(A)). The hypothe- 
sis B\ 1 (X, Ox) = implies that the Picard variety of X is trivial, hence 
Pic(A) ~ NS(A) is finitely generated. In our case this group is torsion-free. 
It follows that H^Jfe, Pic(X)) is finite, thus Br(A)/Br (A) is also finite. This 
proves (i) and (ii). 
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When dimX = 2, for every prime l there is a perfect duality pairing of 
finite abelian groups 

E 3 6t (X,Z e (l)){£} x NS(X){n — ► Q t /Z e , 

see [3 III, 8.3]. Thus (iii) follows from (ii). □ 

2 Brauer group of a variety over a local field 
and Brauer pairing 

Throughout this section we use the following notation: 

ii' is a finite extension of Q p , 

K is an algebraic closure of K, 

K nr C K is the maximal unramified extension, 

Q = Gel(K/K), G = Gal(A' nr /A'), I = Ga\(K/K nr ), 

R is the ring of integers of K, 

R nr is the ring of integers of K m , 

X is a proper, smooth and geometrically integral variety over K, 

it : X— >Spec(R) is a faithfully flat proper morphism with X = X x R K, 

X m = X x K K m , X = X x R K, X ni = X x R R nr . 

We shall constantly use the classical result that Br(K QT ) = 0, which implies 
E 2 (G, K* T ) = Br (A), see pj], Ch. XII, Thm. 1 and its corollary. 

The following finiteness statement holds without a good reduction hy- 
pothesis. It will not be used in this note. 

Proposition 2.1 For any smooth, proper, geometrically integral variety over 
K, a finite field extension ofQ p , the group Ker[Br(X)— ^Br(X nr )]/Br (X) is 
finite. 

Proof There is a Hochschild-Serre spectral sequence attached to the mor- 
phism X nr — >X: 

E™ = W(G, R%(X nT , G m )) =► H^(X, G m ). (2) 

Since H 2 (G, K* r ) = Br (A), the exact sequence of low degree terms of 
shows that the group under consideration is a subgroup of H 1 (G, Pic(X nr )). 
We have an exact sequence of continuous discrete g-modules 

O^Pic (X) ^Pic (X) ^NS (X) ->-0. 
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By the representability of the Picard functor over a field of characteristic zero 
(due to Weil and Grothendieck, see jl], Thm. 9.5.4 and Cor. 9.5.14) there 
exists an abelian variety A over K such that A(K) is isomorphic to Pic°(X) 
as a g-module. Thus we rewrite the previous sequence as 

0->-,4(i?)->-Pic(X)->NS(X)->-0. (3) 

The Hochschild-Serre spectral sequence attached to X— >X nr is 

Ef = FP(I, Ri(X, G m )) => Hf t +g (X nr , G m ). 

By Hilbert's theorem 90 we have H 1 (J, K ) = 0. Since Br(K nr ) = we obtain 
that the natural map Pic(X nr )— )-Pic(X) / is an isomorphism. Now, by taking 
/-invariants in ([3]) we obtain the exact sequence of G-modules 

The group NS(X) is finitely generated by the theorem of Neron and Severi, 
hence so is NS(X) / . Thus there is a G-module N, finitely generated as 
an abelian group, that fits into the exact sequence of continuous discrete 
G-modules 

0^A(K nT )^Pic(X nr )^N^0. 
The resulting exact sequence of cohomology groups gives an exact sequence 

R\G, A(K QT ))^R\G, Pic(X nr ))^H 1 (G, N). (4) 

We note that G is canonically isomorphic to the profinite completion Z, with 
the Frobenius as a topological generator. If M is a continuous discrete G- 
module which is finitely generated as an abelian group, then H 1 (G,M) is 
finite. To see this, let G' be a finite index subgroup of G that acts trivially 
on M. The group G' ~ Z has a dense subgroup Z generated by a power of 
the Frobenius. Now H 1 (G',M) is the group of continuous homomorphisms 

Hom cont (G',M) = Hom cont (G',M tors ) = M tors , 

which is visibly finite. An application of the restriction-inflation sequence 
finishes the proof of the finiteness of H 1 (G, M). 

To complete the proof of the proposition it remains to prove the finite- 
ness of H 1 (G, A(K nr )). By Prop. 1.3.8 of [11] this group is isomorphic to 
H 1 (G, 7r (y4 )), where 7i (A ) is the group of connected components of the 
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closed fibre A of the Neron model of A over Spec(-R). Since vr (A ) is finite, 
we see that H 1 (G, tt (A )) is finite. □ 

Particular cases of the following two results have been known for some 
time, see PQ. 

Lemma 2.2 If X is smooth over R with geometrically integral fibres, then 

(i) the following natural map is surjective: 

Br(K) © Ker[Br(A')^Br(A' nr )] — ► Ker[Br(X)^Br(X m .)]; 

(ii) for any A e Ker[Br(X)— )-Br(X nr )] the image of the evaluation map 
X(K)— >By(K) given by M ^ A(M) consists of one element. 

Proof The map in (i) is well defined since Br(A" nr ) = 0, so that the composi- 
tion Br(A)-^Br(X)-^Br(X nr ) is zero. 

The restriction map Pic(A' ni .)— )-Pic(X nr ) is surjective since X ni is regular. 
The kernel of this map is generated by the classes of components of the closed 
fibre of X nr — ^Spec(-R). The closed fibre is a principal divisor in X m ] since it 
is integral, the restriction map gives an isomorphism of G-modules 

Pic(A' nr )^Pic(X nr ). (5) 

There is a Hochschild-Serre spectral sequence attached to the morphism 
X nT — yX\ 

E™ = H p (G, Hf t (* nr , G m )) H*+«(#, G m ), (6) 

and a similar sequence ([2]) attached to the morphism X nr ^-X. By func- 
toriality the maps in and ([2]) are compatible with the inclusion of the 
generic fibres X <^-> X and X nr ^ X nT . We have B.® t (X nT , G m ) = i?* r because 
ii : X— T-Spec(-R) is proper with geometrically integral fibres. The low degree 
terms of the two spectral sequences give rise to the following commutative 
diagram of exact sequences, where the equality is induced by (jSJ): 

H 2 (G,A* r ) -»■ Kei[Bi(X)^BT(X m )} -»■ R\G, Pic(A^)) -»■ H 3 (G,i?* r ) 

H 2 (G,A': r ) Ker[Br(X)^Br(X nr )] H^G, Pic(X nr )) -> H 3 (G,A* r ) 

We have H 3 (G, i?* r ) = 0, since the group G = 7L has strict cohomological 
dimension 2. Since H 2 (G, K*A = By(K), the statement of (i) follows from 
the above diagram. 

Any element A e Bt(X) C Bt(X) vanishes on X(R) = X(K), since it 
takes values in Br(i?) = 0. This proves (ii). □ 
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Proposition 2.3 Assume that X is smooth over R with geometrically inte- 
gral fibres, H 1 (X, Ox) = and the Neron-Severi group NS(X) is torsion-free. 

(i) Then the quotient Bri(X)/Bro(X) is finite, and every element of 
Bri(X) C Br(X) can be written as a + f3, where a G Br (X) and (3 G 
Br{X) C Br(X). 

(ii) Assume, moreover, that H 2 (X, Ox) = 0, and that for every prime 
i the group H? t (X,Z£) is torsion-free. Then the quotient Br(X)/Br (X) is 
finite and generated by the image ofBr(X). 

Proof For £ ^ p the smooth base change theorem in etale cohomology for 
the smooth and proper morphism tt : X— >Spec(R) implies that the natural 
action of the inertia subgroup / on H? t (X,Z^(l)) is trivial. Indeed, by [T2| 
Cor. VI. 4. 2] the etale sheaf R 2 7i^fi£m is locally constant for every m > 1. 
Also, the fibre of R 2 n*fie m at the generic geometric point Spec(J^)— >Spec(R) 
is H? t (X,/^m). Now it follows from Remark 1.2 (b) in [T21 Ch. V] that the 
action of g on H? t (X,/i£m) factors through 

7r 1 (Spec( J R),Spec(Z)) = G&\(K ni /K) = G = g/I, 

see [T2~| Ex. 1.5.2(b)]. Thus / acts trivially on H 2 (X,/^m) for every m, hence 
/ acts trivially on H? t (X, Z e (l)). 

Since K has characteristic zero, for any prime I the Kummer sequence 
gives a Galois equivariant embedding 

NS(X)®Z, ^H 2 t (X, Z,(l)). 

For any i ^ p we conclude that / acts trivially on NS(X) ® Z^. Hence I 
acts trivially on the quotient of the finitely generated group NS(X) by its 
p-torsion subgroup. 

So far the arguments apply to any smooth proper i?-scheme with geomet- 
rically integral fibres. 

If NS(X) is torsion-free, the_n we have NS(X) C NS(X) <g> Z £ , thus 
the natural action of / on NS(X) is also trivial. Under the hypothesis 
H 1 (X, Ox) = 0, we now conclude that Pic(X) ~ NS(X) is a finitely gen- 
erated torsion-free abelian group with trivial action of inertia. This implies 

H 1 (J,Pic(X)) = 0, 

and H 1 (fc,Pic(X)) is finite, hence By\{X) /Biq{X) is also finite. 
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We have the following commutative diagram of exact sequences 



1 I 

-> Ker[Br(X)^Br(X nr )] -> H 2 (G, A' nr (X)*) -> H 2 (G, Div(X nr )) 

4^ 4^ "i - 

-> Ker[Br(X)^Br(X)] -> H 2 ( S ,A(X)*) -> H 2 ( ,Div(Z)) 

H 2 (/,A(X)*) ->■ H 2 (/,Div(X)) 

The top and middle horizontal sequences are special cases of an exact se- 
quence associated to a smooth variety over a field A and a Galois extension 
of K, see [2J §1.5.0]. The two vertical sequences are restriction-inflation se- 
quences. Their exactness follows from H 1 (7, K(X)*) = (Hilbert's theorem 
90) and from H 1 (J, Div(X)) = (since X is smooth, the /-module Div(Jf) 
is a permutation module, the vanishing then follows from Shapiro's lemma). 

As mentioned above, under our hypotheses, i/ 1 (J, Pic(A)) = 0. We also 
have H 2 (7, A ) = Br(A nr ) = 0. The exact sequence 

0— kA* — kA(X) *— s-Div(A) — >Pic(X)— )-0 

then shows that the natural map H 2 (7, K(X)*)— >H 2 (I, Div(X)) is injective. 
From the commutative diagram above we conclude that the following natural 
inclusion is an isomorphism: 

Ker[Br(X)^Br(X nr )]^Ker[Br(A)-^Br(A)]. 

An application of Lemma [2.21 concludes the proof of statement (i). 

Statement (ii) follows from (i) and Lemma [1.31 (ii). □ 

We now would like to explore the situation when H 2 (A, Ox) is not nec- 
essarily zero, so we must take into account the transcendental Brauer group 
as well. 

Proposition 2.4 Let £ be a prime, t ^ p. Assume that X is smooth over R 
with geometrically integral fibres, and that the closed geometric fibre has no 
connected unramified cyclic covering of degree i. 

(i) Then the group Br(A){£} is generated by the images of Br (X){£} and 
Br(A){£}. 

(ii) IfX(K) ^ 0, then for any A G Br(A){£} the image of the evaluation 
map X(K)— T-Br(A) given by M ^ A(M) consists of one element. 



9 



Proof (i) Let F be the residue field of R, and let X = X x R ¥ be the 
closed fibre of ir. By a special case of a result of K. Kato [5J Prop. 1.7], to 
whose paper we refer for the explicit description of the maps involved, for 
any positive integer n there is a natural complex 

Bi{X)[£ n ) B\ 1 (¥(X ),Z/£ n ) — ► H°(F(F),Z/r(-l)), (7) 

where F ranges over closed integral subvarieties of codimension 1 in Xq, the 
field F(A'o) is the function field of X , and ¥(Y) is the function field of Y. The 
elements of H 1 (F(A'o), Z/£ n ) correspond to characters of the absolute Galois 
group of ¥(X ) with values in Z/£ n . These correspond to connected cyclic 
coverings W^-Xq (not necessary unramified) of degree dividing £ n , where 
W is an irreducible normal variety. From Kato's complex it follows that 
for any A G Bi(X)[£ n ] the residue res(A) G B. 1 (¥(X ),Z/£ n ) is unramified 
in codimension 1. Thus the corresponding covering W^-X is a covering 
of a smooth scheme unramified at all the points of codimension 1, hence is 
an etale covering of Xq by the Zariski-Nagata purity theorem (SGA 1 X, 
Theoreme 3.1). In other words, 

res(A) G El(X ,Z/£ n ) C E 1 (¥(X ),Z/£ n ). 

Let Xq = Xq XpF, where F is an algebraic closure of F. The spectral sequence 

E p 2 q = fP(F, FL| t (* , Z/r)) => W+ q {XQ, Z/t) 

gives rise to the exact sequence 

O^H^F, Z/£ n )^Rl t (XQ, Z/£ n )->Rl t (X , Z/t). 

Since Xq has no connected unramified cyclic covering of degree £, we have 
B\l t (Xo, Z/r) = 0. Thus res(A) belongs to the injective image of H^F, Z/£ n ) 
in E 1 (X ,Z/£ n ). 

By local class field theory the residue map Br(K){£ n }— >H 1 (¥, Z/£ n ) is 
an isomorphism. Hence for any A G Br(X){£} there exists a G Br(K){£ n } 
such that the residue of A — a at any point of codimension 1 of A" is zero. 
By Gabber's absolute purity theorem [5] , this implies that A — a belongs to 
Bi(X){£} C Br(X){£}. This completes the proof of (i). 

Since X is proper over Spec(_R) we have X(K) = X(R). Statement (ii) 
follows because Br(i?) =0. □ 
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Remarks 1. Already for tt smooth and proper, it is an interesting p-adic 
problem to decide whether there is an analogous proposition for Br(X){p}. 
For algebras split by an unramified extension of K, including those of order 
divisible by p, this follows from Lemma [2.21 (see also [H Prop. 6]). 

2. When X has dimension at most 3, we may refer to Gabber's earlier 
purity theorem 0, Thm. 2'] rather than to [5]. 

3. The hypotheses of Proposition 12.41 apply in particular when the fibres 
of 7r : X— s-Spec(-R) are smooth complete intersections of dimension at least 2 
in projective space (an application of the weak Lefschetz theorem in etale co- 
homology, see m particular they apply to smooth surfaces of arbitrary 
degree in P 3 . 

A remark on the bad reduction case. Let I be a prime, £ ^ p. Assume 
that X is a regular scheme, and X(K) = X(R) ^ 0. Let Z be the largest 
open subscheme of X smooth over Spec(i?), such that Z x R K = X , and 
every irreducible component of the closed fibre Zq is geometrically irreducible. 
Since X is regular, a well known valuation argument shows that X(K) = 
X(R) = Z(R), see, e.g., [H], the proof of Lemma 1.1 (b). Let Vi, V n 
be the irreducible components of Z , and let Vi = Vi Xf F. Then Kato's 
complex for Z has the form 

Br(X)[r] 0H 1 (F(^),Z/r) — ► H°(F(F),Z/r(-l)). 

i=l YCZ 

We see that for any A 6 Br(X)[£ n } the residue res^A) G E 1 (¥{V i ),Z/e n ) 
belongs to the subgroup H 1 (Vi, Z/£ n ). We note that this group is finite. This 
follows from the exact sequence 

O^H^F, B°(Vi, Z/£ n ))^B\\Vi, Z/r)^H 1 (F l , Z/£ n ), 

and the fact that H 1 (Z, Z*/£ n ) ~ 7*/£ n . We conclude that resj, as a function 
on Br(A)[£ n ], takes only finitely many values. 

If the reduction M of M G X(R) belongs to Vi, then the local invari- 
ant of A(M) G Br(A") is the pullback of reSj(A) under the natural map 
H^Vi, Z/rO^H^F, Z/£ n ) defined by M. Combining this information for all 
irreducible components of Zq we obtain a finite partition of the set X(K) such 
that for any A G Br(A)[£ n ] the image of the evaluation map X(K)— >Br(K) 
given by M i— )■ A(M) is constant on each element of the partition. 
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3 Structure of the Brauer— Manin set over a 
number field 

We are now ready to prove the main results of this note. 

Theorem 3.1 Let k be a number field. Let S be a finite set of places of k, 
and let 0$ be the subring of k consisting of the elements that are integral at 
the primes not in S . Let ir : X— *-Spec(C?s) be a smooth proper Os-scheme 
with geometrically integral fibres. Let X/k be its generic fibre. Assume 

(i) B 1 (X,O x ) = 0; _ 

(ii) the Neron-Severi group NS(X) has no torsion; 

(iii) Br(X)/Bii(X) is a finite abelian group of order invertible in Os- 
Then the answer to Question 1 is in the affirmative. 

Proof Let v be a place of k not contained in S, and let p be the residual 
characteristic of k v . Assumption (iii) implies that Br(X){p} C Bri(X). 
Then, by Proposition 12.31 the image of Br(X){p} in Bi(X v ) is contained in 
the subgroup generated by the images of Br(k v ) and Br(X v ). By Proposition 
12.41 the same is true for By(X){£} for any prime £ not equal to p. For 
this we only need to check that Bl t (X M ,Z/£) = 0, where X M is the closed 
geometric fibre of 7r : X v — >Spec(O v ). By the smooth base change theorem 
for etale cohomology (see, e.g. [12], VI, Cor. 4.2) the group B\ t (XM, Z/i) 
is isomorphic to H| t (X„, Ii/£), which in turn is isomorphic to H| t (X, Z/£) 
by p2], VI, Cor. 4.3. The Kummer exact sequence gives an isomorphism 
B\l t (X, He)— 1 -)-Pic(V)[^], and the vanishing of the latter group follows from 
conditions (i) and (ii). The statement now follows from Lemma [1.21 □ 

Corollary 3.2 Let n : X— *-Spec(0s) be a smooth proper Os-scheme with 
geometrically integral fibres. Let X/k be its generic fibre. Assume 

(i) W(X,O x ) = 0fori = l, 2; _ 

(ii) the Neron-Severi group NS(X) has no torsion; 

(iii) either dimV = 2, or H? t (V,2^) is torsion-free for every prime £ 
outside S. 

Then the answer to Question 1 is in the affirmative. 

Proof This follows from Theorem 13.11 by Lemma 11.31 and its proof. □ 

This corollary can be applied to rationally connected varieties. Indeed, 
over a field of characteristic zero, these varieties are Ox-acyclic and alge- 
braically simply connected [31 Cor. 4.18]). 
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When we no longer have B. 2 (X, Ox) = 0, condition (iii) in Theorem 13.11 
is not easy to check in general. However, this can be done in an important 
particular case: as an application of rather delicate computations of [8] we 
now show that the answer to Question 1 is positive for smooth diagonal 
quartics over Q, so that only the real place and the primes of bad reduction 
can show up in the Brauer-Manin obstruction. 

Corollary 3.3 Let D be the diagonal quartic surface over Q given by 

Xq + a x x\ + a 2 x\ + a^x\ = 0, (8) 

where a\, 02, 03 G Q*. Let S be the set of primes consisting of 2 and the 
primes dividing the numerators or the denominators of a±, a 2 , a 3 . Let Z be 
the image of the projection 

D(A Q ) m ^D(R)x l[D(Q p ). 

pes 

ThenD(A Q ) B * = ZxYl p ? s D(Q P )- 

Proof D is a K3 surface, for which the geometric conditions (i) and (ii) of 
Theorem 13.11 are well known. By Theorem 3.2 of [8], only the primes from 
{2, 3, 5} n S can divide the order of the finite group Br(D)/Bri(Z>). □ 

There are other K3 surfaces over Q to which Theorem 13. II can be applied. 
Let X be the Kummer surface attached to the product of elliptic curves E 
and E' over Q. By [T71 Prop. 1.4] we have 

Br(X) r = Br(E x e) v , 

where T = Gal(Q/Q). If E and E' are not isogenous over Q, then by [TTt 
Prop. 3.1] for any integer n we have 

Bi(E x ^')H r = B.om r (E[n],E'[n]). 

In [17] (Prop. 4.2 and Example A3) we construct infinitely many pairs of 
non-isogenous elliptic curves E, E' such that Homr(-E'[^], = for any 

odd prime £. Then Br(X)/Br!(X) is a finite abelian 2-group, so that only 
the archimedean place, 2 and the primes of bad reduction of E and E' can 
turn up in the description of the Brauer-Manin set of X. 
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4 Transcendental Brauer group and the Tate 
conjecture for divisors 



In connection with Lemma 11.11 let us briefly discuss the following question 
(see also [IS]). 

Question 2. Let X be a smooth, proper and geometrically integral variety 
over a field k finitely generated over Q. We have the inclusion of groups 
Br(X)/Bri(X) C Br(X) r . Are these two groups finite? 

It is well known that the finiteness of Br(X) r is related to the Tate con- 
jecture for divisors. This conjecture says that if k is a field finitely generated 
over Q, then for any prime i the natural inclusion 

(NS(X) ® z Q,) r ^ H c 2 t (Z, Q,(l)) r 

should be an isomorphism. The following partial answer to Question 2 must 
have been known to many people. It was noticed by one of us ten years ago. 

Proposition 4.1 Let X be a smooth, proper and geometrically integral vari- 
ety over afield k finitely generated overQ. Assume the l-adic Tate conjecture 
for divisors. 

(i) 7/dimX = 2, then Bi(X) r {£} is finite. 

(ii) For X of any dimension assume in addition the semisimplicity of the 
continuous Y-module H 2 t (X, Q^(l)). 

Then Bi(X) T {£} is finite. 

ProofLet T e (Br(X)) be the £-adic Tate module of Br(Z), and let V^(Br(X)) = 
T^(Br(X)) ®i e Qe- The Kummer sequence gives a well known exact sequence 
of continuous T-modules 

— ► NS(X) ® z Q e — ► H 2 t (X, Q e (l)) — ► V e (Bv(X)) — ► 0. 

When X is a surface, the cup-product defines a non-degenerate Galois- 
equivariant bilinear pairing on H? t (X, Q^(l)) with values in Q^. The re- 
striction of this pairing to NS(X) is non-degenerate, hence we obtain 
a direct sum decomposition of T-modules 

H 2 t (X, <&(!)) - (NS(X) ® z Qt) © V t (Br(X)). 
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We have the same conclusion under the semisimplicity hypothesis of part (ii). 
Now Tate's conjecture implies V^(Br(X)) r = 0. 

For any abelian group A, the Tate module Te(A) is a torsion-free TLi- 
module. If A is a torsion group whose ^-primary component is of cofinite 
type, Ti(A) ®% t Qi/Ze is the maximal ^-divisible subgroup of A. We thus 
have an exact sequence 

— ► T e (Br(X)) — ► V e (Br(X)) — ► T e (Br(X)) ® Z/ Q e /Z e — ► 0. (9) 

where TJ»(Br(X)) ®z £ Qe/^i is the maximal divisible subgroup Br(X){£} div 
of Bi(X){£}. The exact sequence of Galois cohomology attached to ([9]) gives 
an exact sequence: 

^(Br(X)) r — ► (Br(X){£} div ) r — > H 1 ^, T,(Br(X))). (10) 

By a general result of [191 Prop. 2.3] the kernel of the last arrow in (TTOT) 
is the maximal divisible subgroup of (Br(X){£} div ) r . From V^(Br(X)) r = 
we conclude that the maximal divisible subgroup of (Br(X){£} div ) r is zero. 
Since (Bi(X){£} div ) r is a subgroup of Br(X){£}, which is a torsion group 
of finite cotype, we see that (Br(X){£} div ) r is also a torsion group of finite 
cotype. It follows that (Br(X){£} div ) r is finite. 

As already recalled, by [7J, III (8.9), we have an exact sequence of con- 
tinuous T- modules 

_> Br(X){£} div — ► Br(X){£} — ► H|(X, Z,(l)) tors — > 0. 

The attached exact sequence of Galois cohomology gives an exact sequence 

(Br(X){n di v) r — ► Br(X){£} r — ► H c 3 t (X, Z,(l)) t r ors 
Since H? t (X, Z^(l)) tors is finite, our statement follows. □ 

Remarks 1. When H. 2 (X, Ox) = the group Br(X) is finite, so Question 2 
is trivial. 

2. For abelian varieties or K3 surfaces the Tate conjecture for divisors is 
known. Here one can do better that Proposition I4.lt by the main theorem 
of [16] Question 2 has a positive answer in these cases. 
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